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Introduc/on	
  

• 	
  Global	
  stability	
  analysis	
  provides	
  important	
  informa/on	
  for	
  	
  several	
  classes	
  of	
  
unstable	
  flows	
  

• 	
  Adjoint	
  methods	
  are	
  o]en	
  used	
  to	
  study	
  the	
  sensi/vity	
  of	
  a	
  global	
  instability	
  to	
  a	
  
wide	
  range	
  of	
  perturba/ons	
  

• 	
  provide	
  informa/on	
  on	
  the	
  nature	
  and	
  hidden	
  characteris/cs	
  of	
  the	
  
instability	
  

• 	
  provide	
  hints	
  on	
  how	
  to	
  control	
  the	
  inves/gated	
  instabili/es	
  

• 	
  Rigorous	
  applica/on	
  of	
  these	
  methods	
  is	
  limited	
  to	
  low	
  Reynolds	
  numbers	
  

• 	
  For	
  given	
  classes	
  of	
  flows	
  (bluff-­‐bodies),	
  applica/on	
  of	
  these	
  methods	
  to	
  mean	
  
flow	
  fields,	
  even	
  neglec/ng	
  Reynolds	
  stresses,	
  provide	
  accurate	
  es/ma/on	
  of	
  some	
  
proper/es	
  of	
  the	
  saturated	
  instability	
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Overview	
  

•  Global	
  stability	
  and	
  sensi/vity	
  analysis:	
  a	
  concise	
  introduc/on	
  

•  Applica/ons	
  with	
  focus	
  on:	
  

–  Flow	
  control	
  

–  Applica/on	
  to	
  a	
  case	
  at	
  high	
  Reynolds	
  number	
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Global	
  stability	
  and	
  sensi/vity	
  analysis:	
  	
  
a	
  concise	
  introduc/on	
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Global	
  stability	
  analysis	
  	
  

•  Star/ng	
  point:	
  a	
  steady	
  solu/on	
  of	
  the	
  NS	
  equa/ons	
  (Baseflow	
  Ub):	
  

Ub ·∇Ub +∇Pb −
1

Re
∇2Ub = 0

∇ ·Ub = 0

σu+ u ·∇Ub +Ub ·∇u+∇p− 1

Re
∇2u = 0

∇ · u = 0

• 	
  Perturba/on	
  of	
  Ub	
  in	
  modal	
  form:	
  

• 	
  Linearized	
  (ε<<1)	
  dynamics	
  of	
  the	
  perturba/on:	
  resul/ng	
  eigenvalue	
  problem:	
  	
  

• 	
  Given	
  the	
  mode	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (σ,u, p)

Real(σ) amplifica/on	
  factor	
  (>0	
  unstable)	
  

Imag(σ)/(2π) frequency	
  of	
  the	
  mode	
  

U(x, t) = Ub(x, t) + �u(x) eσ t

P (x, t) = Pb(x, t) + � p(x) eσ t
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 Stability	
  proper/es	
  can	
  be	
  affected	
  by	
  modifica/ons	
  of	
  the	
  flow	
  

 Sensi/vity	
  of	
  the	
  instability	
  to	
  par/cular	
  modifica/ons	
  add	
  
informa/on	
  on	
  its	
  physical	
  origin/proper/es	
  

  Informa/on	
  on	
  sensi/vity	
  can	
  be	
  used	
  also	
  to	
  control	
  the	
  
instability	
  by	
  proper	
  modifica/ons	
  on	
  the	
  flow	
  

Adjoint	
  methods	
  have	
  been	
  used	
  in	
  the	
  last	
  years	
  to	
  
systema/cally	
  characterize	
  the	
  sensi/vity	
  of	
  unstable	
  
modes	
  to	
  various	
  parameters	
  in	
  the	
  linear	
  framework	
  	
  

Sensi/vity	
  analysis	
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Sensi/vity	
  analysis	
  

•  When	
  the	
  eigenvalue	
  problem	
  is	
  perturbed	
  each	
  eigenfunc/on/
eigenvalue	
  changes	
  consequently:	
  	
  

q → q̃ = q + δq

• 	
  Objec/ve:	
  study	
  the	
  varia/on	
  of	
  a	
  considered	
  eigenvalue	
  σ	
  	
  
• 	
  Linear	
  framework:	
  the	
  analysis	
  is	
  linearized	
  	
  

perturbed	
  

unperturbed	
  

perturba/on	
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Sensi/vity	
  analysis	
  

Baseflow	
  equa/ons	
   eigenvalue	
  problem	
   (σ,u, p)
(Ub, Pb)

• 	
  Different	
  perturba/ons	
  can	
  be	
  applied.	
  For	
  instance:	
  

1)	
  perturba/ons	
  ac/ng	
  only	
  on	
  the	
  stability	
  equa/ons	
  

2)	
  Generic	
  perturba/ons	
  of	
  the	
  base	
  flow	
  field	
  

3)	
  Perturba/ons	
  ac/ng	
  on	
  the	
  baseflow	
  equa/ons	
  	
  



June	
  04	
  2013,	
  Poi/ers	
  	
  

Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  linearized	
  perturba/on	
  equa/ons	
  

•  Unperturbed	
  problem:	
  

σu+ u ·∇Ub +Ub ·∇u+∇p− 1

Re
∇2u = 0

∇ · u = 0

Baseflow	
  equa/ons	
   eigenvalue	
  problem	
   (σ,u, p)
(Ub, Pb)
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•  Perturbed	
  problem	
  (δH	
  linear):	
  

σ̃u+ ũ ·∇Ub +Ub ·∇ũ+ ∇̃p− 1

Re
∇2

ũ = δH(u, p)

∇ · ũ = 0 Perturba/on	
  
(linear	
  func/onal)	
  

Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  linearized	
  perturba/on	
  equa/ons	
  

Baseflow	
  equa/ons	
   eigenvalue	
  problem	
   (σ,u, p)
(Ub, Pb)
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•  Perturbed	
  problem	
  (δH	
  linear):	
  

σ̃u+ ũ ·∇Ub +Ub ·∇ũ+ ∇̃p− 1

Re
∇2

ũ = δH(u, p)

∇ · ũ = 0

•  Result	
  of	
  the	
  sensi/vity	
  analysis	
  for	
  a	
  mode	
  

δσ =
�u+, δH(u,p)�

�u+,u�

σ∗u+ +∇Ub · u+ −Ub ·∇u+ +∇p+ − 1

Re
∇2u+ = 0

∇ · u+ = 0

Perturba/on	
  
(linear	
  func/onal)	
  

Adjoint	
  eigenvalue	
  problem	
  associated	
  to	
  the	
  linearized	
  equa/ons	
  	
  

Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  linearized	
  perturba/on	
  equa/ons	
  

(σ,u, p)
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Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  baseflow	
  field	
  

•  Unperturbed	
  problem:	
  

σu+ u ·∇Ub +Ub ·∇u+∇p− 1

Re
∇2u = 0

∇ · u = 0

Baseflow	
  equa/ons	
   eigenvalue	
  problem	
   (σ,u, p)
(Ub, Pb)
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Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  baseflow	
  field	
  

•  Perturbed	
  problem:	
  

σ̃u+ ũ ·∇Ũb + Ũb ·∇ũ+ ∇̃p− 1

Re
∇2ũ = 0

∇ · ũ = 0

Baseflow	
  equa/ons	
   eigenvalue	
  problem	
   (σ,u, p)
(Ub, Pb)
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Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  baseflow	
  field	
  

•  Perturbed	
  problem:	
  

•  Result	
  of	
  the	
  sensi/vity	
  analysis	
  (adjoint	
  stab.	
  equa/ons	
  involved)	
  for	
  
mode	
  	
  

σ̃u+ ũ ·∇Ũb + Ũb ·∇ũ+ ∇̃p− 1

Re
∇2ũ = 0

∇ · ũ = 0

δσ =
(M+, δUb)

(û+, û)

M+ = û∗ ·∇û+ −∇û∗ · û+

(σ,u, p)
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Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  base-­‐flow	
  equa/ons	
  

•  Unperturbed	
  problem:	
  

Ub ·∇Ub +∇Pb −
1

Re
∇2Ub = 0

∇ ·Ub = 0

σu+ L(Ub, Pb)u = 0

Baseflow	
  equa/ons	
   eigenvalue	
  problem	
   (σ,u, p)
(Ub, Pb)
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Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  base-­‐flow	
  equa/ons	
  

•  Perturbed	
  problem:	
  

Ũb ·∇Ũb +∇P̃b −
1

Re
∇2Ũb = δF(Ũb, P̃b)

∇ · Ũb = 0 Perturba/on	
  
(linear	
  func/onal)	
  

Baseflow	
  equa/ons	
   eigenvalue	
  problem	
   (σ,u, p)
(Ub, Pb)

σ̃ũ+ L(Ũb, P̃b) = 0
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Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  base-­‐flow	
  equa/ons	
  

•  Perturbed	
  problem:	
  

•  Result	
  of	
  the	
  sensi/vity	
  analysis	
  for	
  mode	
  

Ũb ·∇Ũb +∇P̃b −
1

Re
∇2Ũb = δF(Ũb, P̃b)

∇ · Ũb = 0

σũ+ L(Ũb, P̃b) = 0

∇Ub ·U+
b −Ub ·∇Ub

+ +∇P+
b − 1

Re
∇2Ub

+ = û∗ ·∇û+ −∇û∗ · û+

∇ ·Ub
+ = 0

Forced	
  adjoint	
  problem	
  associated	
  to	
  the	
  baseflow	
  equa/ons	
  	
  

Perturba/on	
  
(linear	
  func/onal)	
  

(σ,u, p)

δσ =
�Ub

+, δF�
�û+, û�
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Sensi/vity	
  analysis	
  
discrete	
  vs	
  con/nuous	
  approaches	
  

Con/nuous	
  approach:	
  star/ng	
  from	
  PDEs	
  governing	
  the	
  eigenvalue,	
  equivalent	
  PDEs	
  
governing	
  adjoint	
  problems	
  are	
  derived.	
  In	
  order	
  to	
  obtain	
  numerical	
  results,	
  all	
  the	
  
so-­‐obtained	
  PDEs	
  are	
  discre/zed	
  separately.	
  

Discrete	
  approach:	
  star/ng	
  point	
  is	
  the	
  semi-­‐discre/zed	
  (in	
  space)	
  Navier-­‐Stokes	
  
equa/ons	
  (quadra/c	
  ODE):	
  the	
  stability	
  problem	
  and	
  related	
  adjoint	
  problems	
  are	
  
derived	
  directly	
  for	
  the	
  discrete	
  ODE	
  system.	
  	
  

The	
  two	
  approaches	
  are	
  in	
  sense	
  parallel……	
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Sensi/vity	
  analysis	
  at	
  discrete	
  level	
  

•  Semi-­‐discre/zed	
  (in	
  space)	
  NS	
  equa/ons;	
  resul/ng	
  ODE:	
  

Bij

d uc
j

dt
+Nijk u

c
j u

c
k + Liju

c
j = 0

•  Discrete	
  eigenvalue	
  problem:	
  

Nijk Uj Uk + LijUj = 0

(Ni,j,k Uk +Ni,k,j Uk + Lij)� �� �
LC

ij(U)

uj + σBijuj = 0

•  Perturbed	
  discrete	
  eigenvalue	
  problem:	
  

Nijk Ũj Ũk + LijŨj = PijŨj

L̃C
ij(U) ũj + σ̃Bij ũj = Qij ũj

Baseflow	
  eqs.	
  

Eigenvalue	
  probl.	
  

Perturba/on	
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Sensi/vity	
  analysis	
  at	
  discrete	
  level	
  

•  Objec/ve	
  of	
  the	
  analysis:	
  find	
  the	
  perturba/on	
  of	
  the	
  eigenvalue	
  as	
  a	
  
func/on	
  of	
  generic	
  perturba/ons	
  delta	
  P,	
  delta	
  Q	
  around	
  the	
  unperturbed	
  
system	
  (P=Q=0)	
  

•  Straighforward	
  method:	
  lagrangian	
  formula/on	
  	
  
	
  (index	
  repe//on	
  implies	
  summa/on)	
  	
  

J = σ − z∗i (Nijk Uj Uk + LijUj − PijUj)− y∗i (L
C
ij , uj + σBijuj −Qijuj)

Considered	
  
eigenvalue	
  

Eigenvalue	
  problem	
  Baseflow	
  problem	
  

Lagrangian	
  mul/pliers	
  	
  
(adjoint	
  variables)	
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δJ

δzi
δzi = 0 → Nijk Uj Uk + LijUj − PijUj = 0

δJ

δyi
δyi = 0 → LC

ij , uj + σBijuj −Qijuj = 0

δJ

δuj
δuj = 0 → y∗i L

C
ij + y∗i σBij = 0

δJ

δUj
δUj = 0 → z∗i (Nijk Uk +Nikj Uk + Lij − Pij) + y∗i (Nikj +Nijk + Lij)uj = 0

δJ

δσ
δσ = 0 → y∗i Bijuj = 1

δJ

δP
δP =

δσ

δP
δP = z∗i δPijUj

δJ

δQ
δQ =

δσ

δQ
δQ = y∗i δQij uj

Varia/ons	
  of	
  J	
  with	
  respect	
  to	
  the	
  single	
  variables	
  is	
  set	
  to	
  0:	
  

Original	
  baseflow	
  equa/ons	
  

Original	
  eigenvalue	
  problem	
  

Adjoint	
  linear	
  eigenvalue	
  problem	
  

Adjoint	
  forced	
  baseflow	
  problem	
  
Normaliza/on	
  cond.	
  

Eigenvalue	
  varia/on	
  with	
  respect	
  to	
  a	
  generic	
  matrix	
  P	
  

Eigenvalue	
  varia/on	
  with	
  respect	
  to	
  a	
  generic	
  matrix	
  Q	
  

Sensi/vity	
  analysis	
  at	
  discrete	
  level	
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Sensi/vity	
  analysis	
  at	
  discrete	
  level	
  

Nijk Uj Uk + LijUj = 0
Ub ·∇Ub +∇Pb −

1

Re
∇2Ub = 0

∇ ·Ub = 0

LC
ij , uj + σBijuj −Qijuj = 0

σu+ u ·∇Ub +Ub ·∇u+∇p− 1

Re
∇2u = 0

∇ · u = 0

y∗i L
C
ij + y∗i σBij = 0

z∗i (Nijk Uk +Nikj Uk + Lij − Pij) =

= −y∗i (Nikj +Nijk + Lij)uj = 0

δσ

δP
δP = z∗i δPijUj

δσ

δQ
δQ = y∗i δQij uj

σ∗u+ +∇Ub · u+ −Ub ·∇u+ +∇p+ − 1

Re
∇2u+ = 0

∇ · u+ = 0

∇Ub ·U+
b −Ub ·∇Ub

+ +∇P+
b − 1

Re
∇2Ub

+ = û∗ ·∇û+ −∇û∗ · û+

∇ ·Ub
+ = 0

δσ =
(Ub

+, δF)

(û+, û)

δσ =
�u+, δH(u,p)�

�u+,u�

Discrete	
  formula/on	
   Con/nuous	
  formula/on	
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Applica/ons	
  to	
  flow	
  analysis	
  and	
  control	
  

K
s

x
s

Se
ns
or	
  

S.	
  Camarri	
  and	
  A.	
  Iollo,	
  PoF	
  22(094102),	
  2010	
  

Perturba/on	
  of	
  linearized	
  equa/on:	
  
Prop.	
  Feedback	
  control	
  of	
  vortex	
  shedding	
  	
  

Perturba/on	
  of	
  the	
  base-­‐flow	
  equa/ons	
  
Passive	
  control	
  of	
  a	
  pitchfork	
  bifurca/on	
  by	
  a	
  control	
  
cylinder	
  in	
  the	
  flow	
  
A.	
  Fani,	
  S.	
  Camarri,	
  and	
  M.	
  V.	
  Salve?,	
  PoF	
  24(084102),	
  2012.	
  

Sensi/vity	
  analysis	
  at	
  high	
  Reynolds	
  number:	
  
Applica/on	
  to	
  PIV	
  data	
  past	
  a	
  porous	
  cylinder	
  

S.	
  Camarri,	
  B.	
  E.	
  G.	
  Fallenius,	
  and	
  J.	
  H.	
  M.	
  Fransson,	
  JFM	
  715,	
  2013.	
  

Sensi/vity	
  analysis	
  and	
  control	
  maps	
  for	
  fully	
  3D	
  configs:	
  
Applica/on	
  to	
  a	
  fully	
  3D	
  T-­‐Mixer	
  

A.	
  Fani,	
  S.	
  Camarri,	
  and	
  M.	
  V.	
  Salve?,	
  accepted,	
  PoF	
  2013	
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Applica/ons	
  to	
  flow	
  analysis	
  and	
  control	
  

Perturba/on	
  of	
  linearized	
  equa/on	
  for	
  the	
  
design	
  of	
  a	
  propor/onal	
  feedback	
  control	
  

of	
  vortex	
  shedding	
  past	
  a	
  bluff	
  body	
  

K
s

x
s

Se
ns
or	
  

S.	
  Camarri	
  and	
  A.	
  Iollo,	
  PoF	
  22(094102),	
  2010	
  

Perturba/on	
  of	
  linearized	
  equa/on:	
  
Prop.	
  Feedback	
  control	
  of	
  vortex	
  shedding	
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Flow	
  control	
  by	
  means	
  of	
  a	
  perturba/on	
  of	
  the	
  
linearized	
  disturbance	
  equa/ons	
  

•  Typical	
  case	
  when	
  the	
  applied	
  control	
  leaves	
  the	
  mean	
  flow	
  
unaltered	
  and	
  the	
  control	
  acts	
  only	
  on	
  the	
  linearized	
  equa/ons	
  

•  Example:	
  a	
  feedback	
  control	
  based	
  only	
  on	
  the	
  perturba/on	
  field	
  to	
  
control	
  the	
  vortex	
  shedding	
  instability	
  past	
  a	
  cylinder:	
  
–  Proof	
  of	
  concept	
  for	
  the	
  use	
  of	
  sensi/vity	
  analysis	
  for	
  flow	
  control	
  
–  Realizable	
  control:	
  a	
  few	
  velocity	
  probes,	
  surface	
  jets	
  as	
  actuators,	
  

simple	
  propor/onal	
  feedback	
  control	
  

–  Objec/ve	
  of	
  control:	
  to	
  make	
  the	
  steady	
  flow	
  linearly	
  stable	
  

–  Proposal	
  of	
  an	
  itera/ve	
  strategy	
  because	
  the	
  control	
  based	
  solely	
  on	
  
the	
  sensi/vity	
  analysis	
  of	
  uncontrolled	
  flow	
  can	
  be	
  misleading	
  (ac/on	
  
of	
  control	
  out	
  of	
  the	
  linear	
  range).	
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Ks	
  

xs	
  

Sensor	
  

•  	
  Flow	
  configura/on	
  (incompressible	
  2D	
  flow):	
  

Flow	
  control	
  by	
  menas	
  of	
  a	
  perturba/on	
  of	
  the	
  
linearized	
  disturbance	
  equa/ons	
  



June	
  04	
  2013,	
  Poi/ers	
  	
  

• 	
  Cri/cal	
  Reynolds	
  number	
  for	
  primary	
  instability:	
  	
  

•  	
  Flow	
  configura/on	
  (incompressible	
  2D	
  flow):	
  

• 	
  Reference	
  quan//es:	
  Uc,	
  L	
  

Jet	
  width:	
  0.16	
  L	
  	
  
Comp.	
  domain	
  dims:	
  	
  

-­‐12.5L	
  ≤	
  x	
  ≤	
  20.5L	
  
-­‐4L	
  ≤	
  x	
  ≤	
  4L	
  	
  

	
  GR1	
  540X330	
  (∼5·∙105	
  dof)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  GR2	
  810X494	
  (∼106	
  	
  	
  	
  	
  dof)	
  

Flow	
  control	
  by	
  menas	
  of	
  a	
  perturba/on	
  of	
  the	
  
linearized	
  disturbance	
  equa/ons	
  

K
s	
  

xs	
  

Senso
r	
  

• 	
  Objec/ve	
  of	
  control:	
  linearly	
  stabilize	
  the	
  steady	
  unstable	
  soluSon	
  for	
  Re>59	
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•  	
  Flow	
  configura/on	
  (incompressible	
  2D	
  flow):	
  

• 	
  Boundary	
  condiSons	
  on	
  the	
  jet	
  surface	
  Sj	
  :propor/onal	
  feedback	
  from	
  a	
  set	
  
of	
  ideal	
  velocity	
  probes.	
  

• 	
  Only	
  the	
  difference	
  between	
  the	
  measured	
  flow	
  and	
  the	
  steady	
  unstable	
  
field	
  is	
  fed	
  back	
  to	
  the	
  actuators:	
  the	
  steady	
  unstable	
  flow	
  remains	
  a	
  soluSon	
  
of	
  the	
  controlled	
  flow	
  

Flow	
  control	
  by	
  menas	
  of	
  a	
  perturba/on	
  of	
  the	
  
linearized	
  disturbance	
  equa/ons	
  

K
s	
  

xs	
  

Senso
r	
  



June	
  04	
  2013,	
  Poi/ers	
  	
  

Sensi/vity	
  analysis	
  at	
  discrete	
  level	
  

•  This	
  control	
  perturbs	
  only	
  the	
  linearized	
  stability	
  equa/ons:	
  

LC
ij , uj + σBijuj −Qijuj = 0

•  The	
  control	
  matrix	
  Q	
  at	
  discrete	
  level	
  can	
  be	
  represented	
  as	
  follows:	
  

Q = −
Ns�

s=1

KsC(xs, ys, θs)
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Sensi/vity	
  analysis	
  at	
  discrete	
  level	
  

•  This	
  control	
  perturbs	
  only	
  the	
  linearized	
  stability	
  equa/ons:	
  

LC
ij , uj + σBijuj −Qijuj = 0

•  The	
  control	
  matrix	
  Q	
  at	
  discrete	
  level	
  can	
  be	
  represented	
  as	
  follows:	
  

Q = −
Ns�

s=1

KsC(xs, ys, θs)

Angle	
  between	
  the	
  x-­‐axis	
  and	
  the	
  
measured	
  veloc.	
  component	
  Matrix	
  due	
  to	
  the	
  control	
  

Feedback	
  coefficient	
  

Posi/on	
  of	
  velocity	
  probes	
  Number	
  of	
  probes	
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Sensi/vity	
  analysis	
  at	
  discrete	
  level	
  

•  This	
  control	
  perturbs	
  only	
  the	
  linearized	
  stability	
  equa/ons:	
  

LC
ij , uj + σBijuj −Qijuj = 0

•  The	
  control	
  matrix	
  Q	
  at	
  discrete	
  level	
  can	
  be	
  represented	
  as	
  follows:	
  

Q = −
Ns�

s=1

KsC(xs, ys, θs)

δQ =
Ns�

s=1

�
[C(xs, ys, θs)] δKs+

�
Ks

∂C

∂xs
(xs, ys, θs)

�
δxs+

�
Ks

∂C

∂ys
(xs, ys, θs)

�
δys+

�
Ks

∂C

∂θs
(xs, ys, θs)

�
δθs

�

y∗i L
C
ij + y∗i σBij = 0

δσ = y∗i δQij uj

•  The	
  effect	
  of	
  perturba/on	
  is	
  computed	
  by	
  the	
  adjoint	
  stab.	
  problem:	
  

•  To	
  design	
  the	
  control	
  we	
  need	
  to	
  know	
  the	
  perturba/on	
  matrix	
  Q	
  as	
  a	
  
func/on	
  of	
  the	
  control	
  parameters	
  (feedback	
  coeff	
  and	
  posi/on	
  of	
  probes)	
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Design	
  of	
  the	
  control	
  

The	
   adjoint	
   analysis	
   allows	
   to	
   predict	
   the	
   shi]	
   of	
   the	
   eigenvalue	
   of	
   the	
  
discrete	
   system	
   as	
   the	
   control	
   parameters	
   (feedback	
   coefficients,	
   sensor	
  
posi/ons,	
  measured	
  veloc.	
  component)	
  are	
  perturbed.	
  

Im	
  state	
  with	
  par/al	
  control	
  S1	
  

Sensi/vity	
  analysis	
  on	
  S1	
   S1	
  

Re	
  

stable	
   unstable	
  

Uncontrolled	
  state	
  S0	
  

Sensi/vity	
  analysis	
  on	
  S0	
  

S0	
  

Eigenvalue	
  trajectory	
  	
  
due	
  to	
  control	
  design	
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Design	
  of	
  the	
  control	
  

We	
  can	
  design	
  the	
  control	
  strategy	
  itera/vely,	
  by	
  driving	
  the	
  
unstable	
  eigenvalues	
  in	
  the	
  stable	
  region	
  of	
  the	
  complex	
  plane	
  

Im	
  

Re	
  

stable	
   unstable	
  

S0	
  
Uncontrolled	
  state	
  S0	
  

Sensi/vity	
  analysis	
  on	
  S0	
  

S1	
  

Sens.	
  analysis	
  on	
  S1	
  S2	
  

Sens.	
  analysis	
  on	
  S2	
  
SN	
  

Stable	
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Design	
  of	
  the	
  control	
  

• 	
  Stable	
  eigenvalues	
  are	
  perturbed	
  also	
  by	
  the	
  control	
  and	
  may	
  eventually	
  become	
  unstable	
  

• 	
  Adopted	
  strategy	
  to	
  control	
  the	
  spectrum:	
  define	
  a	
  func/on	
  of	
  the	
  spectrum	
  of	
  the	
  
controlled	
  system	
  such	
  that	
  the	
  minimum	
  is	
  	
  reached	
  when	
  the	
  system	
  is	
  stabilized.	
  The	
  
previous	
  analysis	
  allows	
  the	
  computa/on	
  of	
  the	
  gradient	
  of	
  the	
  func/on.	
  	
  

• 	
  The	
  control	
  is	
  designed	
  by	
  minimizing	
  this	
  func/on	
  f,	
  which	
  depends	
  on	
  the	
  control	
  
parameters	
  

Imag	
  

Real	
  
stable	
   unstable	
  

f	
  =	
  0	
   f	
  =	
  d4	
  d	
  

Stability	
  margin	
  

Penalized	
  region	
  

The	
  minimum	
  of	
  f	
  (=0)	
  
is	
  obtained	
  when	
  all	
  
the	
  eigenvalues	
  are	
  	
  
stable	
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Design	
  of	
  the	
  control	
  

Itera/ve	
  process:	
  
to	
  bypass	
  the	
  fact	
  
that	
  the	
  sensi/vity	
  
analysis	
  gives	
  results	
  
that	
  are	
  accurate	
  
only	
  for	
  a	
  small	
  

perturba/on	
  of	
  the	
  
control	
  parameters	
  
(linearized	
  analysis).	
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Results:	
  spectrum	
  of	
  the	
  uncontrolled	
  system	
  	
  

Unstable	
  Stable	
  

Unstable	
  mode	
  

Stable	
  but	
  monitored	
  	
  
modes	
  

Increasing	
  Re	
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Results	
  

Examples	
  of	
  controls	
  using	
  one	
  velocity	
  sensor	
  placed	
  in	
  the	
  wake	
  on	
  the	
  symmetry	
  line,	
  
measuring	
  the	
  ver/cal	
  component	
  of	
  velocity.	
  

Control	
  parameters:	
  xs,	
  ks	
  

Ks	
  

xs	
  

Sensor	
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Results:	
  sensi/vity	
  maps	
  with	
  respect	
  to	
  the	
  
uncontrolled	
  state	
  (contraint:	
  ys=0,	
  vert.	
  veloc)	
  

σ1	
   σ2	
  

σ3	
  

x=2.5	
   x=2.5	
  

x=2.5	
  

Stabilizing	
   Stabilizing	
  

Destabilizing	
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Results:	
  examples	
  of	
  control	
  at	
  Re=90	
  
(constraint:	
  one	
  vert.veloc.	
  sensor	
  with	
  ys=0)	
  

Final	
  sensor	
  posiSon:	
  x=3D	
  
Final	
  gain	
  value:	
  K=0.61	
  

System	
  stabilized	
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  EPFL	
  Lausanne,	
  16	
  June	
  2011	
  

Results:	
  examples	
  of	
  control	
  at	
  Re=90	
  
(constraint:	
  sensor	
  posiSon	
  fixed)	
  

Ini/al	
  sensit.	
  analysis	
  

System	
  is	
  NOT	
  STABILIZED	
  !	
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AYrac/on	
  basin	
  of	
  the	
  stabilized	
  system	
  	
  
(a-­‐posteriori	
  tests)	
  

The	
  design	
  guarantees	
  that,	
  when	
  finished	
  with	
  success,	
  the	
  steady	
  solu/on	
  is	
  linearly	
  
stable.	
  The	
  basin	
  of	
  aYrac/on	
  of	
  this	
  stable	
  point	
  for	
  the	
  system	
  needs	
  to	
  be	
  explored	
  a-­‐
posteriori.	
  

Re=90	
  (Recr=59)	
   Re=120	
  (Recr=59)	
  
Vert.	
  veloc.	
  on	
  	
  
the	
  symmetry	
  line	
  

Jet	
  velocity	
  

Impulsive	
  applica/on	
  of	
  the	
  control	
  

Saturated	
  
state	
  

Impulsive	
  
start	
  of	
  the	
  
cylinder	
  

Maximum	
  amplitude	
  of	
  the	
  unstable	
  mode	
  
counter-­‐acted	
  by	
  the	
  control	
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Applica/ons	
  to	
  flow	
  analysis	
  and	
  control	
  

Passive	
  control	
  of	
  the	
  pitchfork	
  instability	
  
in	
  a	
  symmetric	
  plane	
  channel	
  with	
  a	
  

sudden	
  expansion	
  

Perturba/on	
  of	
  the	
  base-­‐flow	
  equa/ons	
  
Passive	
  control	
  of	
  a	
  pitchfork	
  bifurca/on	
  by	
  a	
  control	
  
cylinder	
  in	
  the	
  flow	
  
A.	
  Fani,	
  S.	
  Camarri,	
  and	
  M.	
  V.	
  Salve?,	
  PoF	
  24(084102),	
  2012.	
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Symmetric	
  plane	
  channel	
  with	
  a	
  sudden	
  
expansion	
  

Incompressible	
  flow	
  in	
  a	
  2-­‐D	
  plane	
  channel	
  with	
  ER=D/d=3	
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Symmetric	
  plane	
  channel	
  with	
  a	
  sudden	
  
expansion	
  

Either	
  symmetric	
  or	
  asymmetric	
  
solu/on	
  depending	
  on	
  the	
  flow	
  
Reynolds	
  number	
  as	
  compared	
  to	
  some	
  
cri/cal	
  value	
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I:	
  Stability	
  analysis	
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II:	
  passive	
  control	
  strategy	
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II:	
  passive	
  control	
  strategy	
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II:	
  passive	
  control	
  strategy	
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II:	
  passive	
  control	
  strategy	
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II:	
  passive	
  control	
  strategy	
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II:	
  passive	
  control	
  strategy	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
  

Ver/cal	
  velocity	
  measured	
  in	
  a	
  point	
  on	
  the	
  centerline	
  

NOT	
  IN	
  SCALE	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
  

Time	
  trace	
  of	
  the	
  ver/cal	
  velocity	
  
in	
  a	
  point	
  along	
  the	
  centerline	
  

Re=110:	
  the	
  flow	
  is	
  not	
  stabilized	
  

Re=100	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
  

Weak	
  interac/on	
  
between	
  the	
  
vor/city	
  of	
  the	
  
cylinder	
  wake	
  and	
  
the	
  wall	
  vor/city	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
  

  DeviaSon	
  of	
  the	
  
streamlines	
  	
  
entering	
  the	
  
channel	
  from	
  the	
  
smaller	
  one.	
  	
  

  Asymmetric	
  
devia/on:	
  the	
  
streamline	
  on	
  the	
  
centerline	
  is	
  
deviated	
  towards	
  
the	
  part	
  	
  where	
  the	
  
separa/on	
  is	
  
smaller	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
  

Two	
  effects:	
  
1.  Convec/on	
  of	
  

vor/city	
  from	
  the	
  
smaller	
  channels	
  

2.  Altera/on	
  of	
  the	
  
streamlines	
  and	
  
produc/on	
  of	
  
vor/city	
  at	
  the	
  
channel	
  walls.	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
  

We	
  try	
  to	
  isolate	
  one	
  of	
  the	
  two	
  effect	
  to	
  understand	
  their	
  role	
  	
  in	
  the	
  control	
  	
  

Ad	
  hoc	
  simula/on	
  
where	
  the	
  
produc/on	
  of	
  new	
  
vor/city	
  from	
  the	
  
walls	
  in	
  the	
  larger	
  
channel	
  is	
  
annihilated	
  :	
  

•  Navier	
  Stokes	
  
equa/ons	
  	
  in	
  terms	
  
of	
  disturbance	
  

•  Slip	
  condi/on	
  for	
  
the	
  perturba/on	
  

The	
  ini/al	
  state	
  is	
  the	
  controlled	
  symmetric	
  solu/on	
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III:	
  Inves/ga/on	
  of	
  the	
  control	
  strategy	
  by	
  DNS	
  

We	
  try	
  to	
  isolate	
  one	
  of	
  the	
  two	
  effect	
  to	
  understand	
  their	
  role	
  	
  in	
  the	
  control	
  	
  

Ad	
  hoc	
  simula/on	
  
where	
  the	
  
produc/on	
  of	
  new	
  
vor/city	
  from	
  the	
  
walls	
  in	
  the	
  larger	
  
channel	
  is	
  
annihilated	
  :	
  

•  Navier	
  Stokes	
  
equa/ons	
  	
  in	
  terms	
  
of	
  disturbance	
  

•  Slip	
  condi/on	
  for	
  
the	
  perturba/on	
  

Modifica/ons	
  in	
  terms	
  of	
  convec/on	
  of	
  vor/city	
  from	
  the	
  smaller	
  channel	
  is	
  not	
  
sufficient	
  to	
  control	
  the	
  instability	
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III:	
  Non	
  linear	
  effects	
  of	
  the	
  controlling	
  force	
  
amplitude	
  on	
  the	
  eigenvalue	
  es/ma/on	
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III:	
  Non	
  linear	
  effects	
  of	
  the	
  controlling	
  force	
  
amplitude	
  on	
  the	
  eigenvalue	
  es/ma/on	
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III:	
  Non	
  linear	
  effects	
  of	
  the	
  controlling	
  force	
  
amplitude	
  on	
  the	
  eigenvalue	
  es/ma/on	
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III:	
  Non	
  linear	
  effects	
  of	
  the	
  controlling	
  force	
  
amplitude	
  on	
  the	
  eigenvalue	
  es/ma/on	
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III:	
  Non	
  linear	
  effects	
  of	
  the	
  controlling	
  force	
  
amplitude	
  on	
  the	
  eigenvalue	
  es/ma/on	
  

At	
  moderate	
  values	
  of	
  the	
  force	
  
amplitudes	
  the	
  non	
  linear	
  effects	
  
has	
  a	
  stabilizing	
  effects	
  

Real(σ)	
  

Real(σ)	
  

At	
  higher	
  Reynolds	
  number	
  it	
  is	
  
not	
  possibile	
  to	
  stabilize	
  the	
  flow	
  	
  
vatrying	
  α	
  and	
  fixing	
  the	
  cylinder	
  
posi/on	
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Applica/ons	
  to	
  flow	
  analysis	
  and	
  control	
  

Stability	
  and	
  sensi/vity	
  analysis	
  of	
  
experimental	
  flow	
  fields	
  measured	
  past	
  a	
  

porous	
  cylinder	
  

Sensi/vity	
  analysis	
  at	
  high	
  Reynolds	
  number:	
  
Applica/on	
  to	
  PIV	
  data	
  past	
  a	
  porous	
  cylinder	
  

S.	
  Camarri,	
  B.	
  E.	
  G.	
  Fallenius,	
  and	
  J.	
  H.	
  M.	
  Fransson,	
  JFM	
  715,	
  2013.	
  

Funding	
  by	
  C.M.	
  Lerici	
  Founda/on	
  is	
  gratefully	
  acknowledged	
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Configura/on:	
  flow	
  around	
  a	
  porous	
  
cylinder	
  (uniform	
  transpira/on)	
  

67	
  

Flow	
  parameters:	
  

1.  Reference	
  quan//es:	
  Uref,	
  D	
  

2.  Re	
  =	
  3700	
  

Transpira/on	
  parameter:	
  

Γ	
  =	
  100	
  *	
  Vn/Uref	
  

3.  -­‐6	
  ≤	
  Γ	
  ≤	
  2.57	
  	
  

Y

X	
  

Uref	
   D	
  

Vn	
  	
  -­‐>	
  Transpira/on	
  Velocity	
  (>0	
  -­‐>	
  blowing)	
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Experimental	
  PIV	
  database	
  

68	
  

• 	
  About	
  1000	
  instantaneous	
  PIV	
  snapshots	
  for	
  each	
  Γ	
  
• 	
  Approximalety	
  2	
  snaphots	
  per	
  shedding	
  cycle	
  
• 	
  Spa/al	
  resolu/on:	
  62	
  X	
  62	
  
• 	
  Measured	
  quan//es:	
  U,	
  V,	
  planar	
  Reynolds	
  stresses	
  

Suc/on	
  cases:	
  small	
  window	
  

Blowing	
  cases:	
  small	
  window	
  +	
  large	
  window	
  

St
re
am

w
is
e	
  
ve
lo
ci
ty
	
  a
nd

	
  s
tr
ea
m
lin
es
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Stability	
  analysis	
  of	
  mean	
  flow	
  fields	
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  04	
  2013,	
  Poi/ers	
  	
  

Objec/ves	
  	
  

1.  Verify	
  whether	
  or	
  not	
  global	
  stability	
  analysis,	
  when	
  applied	
  
to	
  the	
  experimental	
  mean	
  flow	
  fields	
  at	
  Re=3700,	
  s/ll	
  
predicts	
  the	
  vortex	
  shedding	
  (VS)	
  frequency	
  with	
  a	
  sufficient	
  
accuracy	
  to	
  highlight	
  the	
  effect	
  of	
  	
  Γ	
  	
  

–  Difficul/es:	
  noisy	
  data,	
  low	
  spa/al	
  resolu/on,	
  small	
  measuring	
  
window	
  

2.  Use	
  the	
  results	
  of	
  the	
  stability	
  analysis	
  to	
  extract	
  informa/on	
  
about	
  the	
  large	
  scale	
  vor/cal	
  structures	
  from	
  available	
  
database	
  

3.  Provide	
  a	
  strategy	
  to	
  apply	
  sensi/vity	
  analysis	
  for	
  flow	
  
control	
  using	
  mean	
  flow	
  fields	
  (similar	
  work	
  based	
  on	
  RANS	
  
simula/ons	
  in	
  Meliga	
  et	
  al.	
  PoF	
  2012).	
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Stability	
  analysis	
  -­‐	
  procedure	
  

71	
  

1)	
  Computa/on	
  of	
  the	
  /me-­‐averaged	
  
flow	
  field	
  (Γ=-­‐2.57)	
  

small	
  window:	
  necessarily	
  unrealis/c	
  
bc’s	
  on	
  global	
  mode	
  

U	
  
V	
  

2)	
  Stability	
  analysis:	
  marginally	
  stable	
  
direct	
  mode	
  (Γ=-­‐2.57)	
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Stability	
  analysis	
  -­‐	
  procedure	
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3)	
  Computa/on	
  of	
  the	
  associated	
  	
  
adjoint	
  mode	
  (Γ=-­‐2.57)	
  

V	
   direct	
  velocity	
  field	
  

Adjoint	
  velocity	
  field	
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Stability	
  analysis	
  -­‐	
  procedure	
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4)	
  Localiza/on	
  of	
  the	
  overlapping	
  between	
  
direct	
  and	
  adjoint	
  mode:	
  core	
  of	
  the	
  

instability,	
  i.e.	
  region	
  of	
  the	
  baseflow	
  which	
  
mostly	
  affect	
  the	
  es/ma/on	
  of	
  the	
  global	
  

mode	
  (Gianne6	
  &	
  Luchini,	
  JFM)	
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Stability	
  analysis	
  -­‐	
  procedure	
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3)	
  Numerical	
  es/ma/on	
  of	
  Λ	
  at	
  Re=50	
  	
  
(Gianne6	
  &	
  Luchini,	
  JFM	
  2007)	
  

direct	
  velocity	
  field	
  

Adjoint	
  velocity	
  field	
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Stability	
  analysis	
  -­‐	
  procedure	
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3)	
  Numerical	
  es/ma/on	
  of	
  Λ	
  at	
  Re=400	
  	
  
(mean	
  flow	
  field)	
  

(Camarri	
  et	
  al.,	
  JFM	
  2013)	
  

direct	
  velocity	
  field	
  

Adjoint	
  velocity	
  field	
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Stability	
  analysis	
  -­‐	
  results	
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Stability	
  analysis	
  -­‐	
  results	
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• 	
  Accuracy	
  on	
  the	
  value	
  of	
  St	
  within	
  14	
  %	
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Stability	
  analysis	
  -­‐	
  results	
  

78	
  

• 	
  Accuracy	
  on	
  the	
  value	
  of	
  St	
  within	
  14	
  %	
  
• 	
  Varia/ons	
  of	
  St	
  vs	
  Γ	
  in	
  agreement	
  with	
  experiments	
  	
  

-­‐3.21	
  -­‐6.0	
  

St	
  

Γ	
  	
  

st
ab
le
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Stability	
  analysis	
  -­‐	
  results	
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• 	
  Accuracy	
  on	
  the	
  value	
  of	
  St	
  within	
  14	
  %	
  
• 	
  Varia/ons	
  of	
  St	
  vs	
  Γ	
  in	
  agreement	
  with	
  experiments	
  	
  
• 	
  Errors	
  when	
  the	
  instability	
  core	
  approaches	
  the	
  boundaries	
  of	
  the	
  measurement	
  window	
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Sensi/vity	
  analysis	
  
perturba/on	
  of	
  the	
  baseflow	
  field	
  

•  Perturbed	
  problem:	
  

•  Result	
  of	
  the	
  sensi/vity	
  analysis	
  (adjoint	
  stab.	
  equa/ons	
  involved):	
  

σ̃u+ ũ ·∇Ũb + Ũb ·∇ũ+ ∇̃p− 1

Re
∇2ũ = 0

∇ · ũ = 0

δσ =
(M+, δUb)

(û+, û)

M+ = û∗ ·∇û+ −∇û∗ · û+
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Sensi/vity	
  of	
  mode	
  frequency	
  a	
  generic	
  
baseflow	
  modifica/on	
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  Sensi/vity	
  to	
  a	
  generic	
  perturba/on	
  of	
  
the	
  baseflow	
  horizontal	
  velocity	
  

	
  Case	
  	
  at	
  Re=50	
  computed	
  on	
  the	
  steady	
  
unstable	
  solu/on	
  of	
  NS	
  eqs.	
  



June	
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  2013,	
  Poi/ers	
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Sensi/vity	
  of	
  mode	
  frequency	
  a	
  generic	
  
baseflow	
  modifica/on	
  

	
  Sensi/vity	
  to	
  a	
  generic	
  perturba/on	
  of	
  
the	
  baseflow	
  horizontal	
  velocity	
  

	
  Case	
  	
  at	
  Re=400	
  computed	
  on	
  the	
  mean	
  
flow	
  field	
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Sensi/vity	
  of	
  mode	
  frequency	
  a	
  generic	
  
baseflow	
  modifica/on	
  

83	
  

	
  Sensi/vity	
  to	
  a	
  generic	
  perturba/on	
  of	
  
the	
  baseflow	
  horizontal	
  velocity	
  

	
  Case	
  	
  at	
  Re=50	
  computed	
  on	
  the	
  steady	
  
unstable	
  solu/on	
  of	
  NS	
  eqs.	
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Sensi/vity	
  of	
  mode	
  frequency	
  a	
  generic	
  
baseflow	
  modifica/on	
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  Sensi/vity	
  to	
  a	
  generic	
  perturba/on	
  of	
  
the	
  baseflow	
  horizontal	
  velocity	
  

	
  Case	
  	
  at	
  Re=400	
  computed	
  on	
  the	
  mean	
  
flow	
  field	
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• 	
  Verifica/on	
  of	
  the	
  sensi/vity	
  maps:	
  control	
  parameter	
  Γ	
  

Focus	
  on	
  control:	
  sensi/vity	
  to	
  a	
  generic	
  
baseflow	
  modifica/on	
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δσ =
(M+, δUb)

(û+, û)

M+ = û∗ ·∇û+ −∇û∗ · û+

Reference	
  case:	
  Γ=-­‐1.93	
  
reference	
  St	
  number:	
  
from	
  experiments	
  	
  

Reference	
  baseflow:	
  Ubref	
  

Different	
  value	
  of	
  Γ	
  

Controlled	
  baseflow:	
  Ubc	
  

δUb = Ubc −Ubref

Es/ma/on	
  of	
  controlled	
  St	
  
Comparison	
  with	
  EXPs	
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• 	
  Example	
  of	
  applica/on:	
  
• 	
  control	
  parameter:	
  transpira/on	
  Γ	
  
• 	
  From	
  PIV	
  measurements	
  the	
  va/a/on	
  of	
  baseflow	
  is	
  known	
  
• 	
  We	
  use	
  the	
  map	
  derived	
  for	
  Γ=-­‐1.93	
  to	
  es/mate	
  varia/ons	
  of	
  Strouhal	
  number	
  
thanks	
  to	
  the	
  result	
  of	
  sensi/vity	
  analysis:	
  	
  

Focus	
  on	
  control:	
  sensi/vity	
  to	
  a	
  generic	
  
baseflow	
  modifica/on	
  

86	
  

Γ Estimated Strouhal N. Computed Strouhal N. Difference (%)
-5.0 0.333 0.290 14.8
-3.86 0.261 0.266 -1.9
-3.21 0.252 0.255 -1.2
-2.57 0.282 0.285 -1.0
0 0.223 0.232 -3.9

0.68 0.210 0.218 -3.7
1.93 0.161 0.193 -16.6
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Example	
  of	
  flow	
  analysis	
  based	
  on	
  stability	
  
results:	
  phase	
  alignment	
  of	
  snapshots	
  

•  	
  Use	
  of	
  global	
  modes	
  to	
  extrac/on	
  of	
  informa/on	
  on	
  the	
  large	
  scale	
  
wake	
  vor/ces	
  
–  Global	
  modes	
  (stability	
  analysis)	
  are	
  used	
  to	
  es/mate	
  the	
  phase	
  of	
  

each	
  snapshot	
  with	
  respect	
  to	
  VS	
  
–  Snapshots	
  are	
  aligned	
  with	
  respect	
  to	
  the	
  VS	
  phase	
  
–  Phase	
  average	
  carried	
  out	
  on	
  the	
  ordered	
  database	
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•  	
  Phase	
  es/ma/on	
  

Assumed	
  velocity	
  
decomposi/on	
  	
   Time	
  averaged	
  velocity	
   Global	
  mode	
  

Phase	
  angle	
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Phase	
  alignment	
  of	
  snapshots	
  

•  	
  Extrac/on	
  of	
  informa/on	
  on	
  the	
  large	
  scale	
  wake	
  vor/ces	
  
–  Global	
  modes	
  (stability	
  analysis)	
  are	
  used	
  to	
  es/mate	
  the	
  phase	
  of	
  

each	
  snapshot	
  with	
  respect	
  to	
  VS	
  
–  Snapshots	
  are	
  aligned	
  with	
  respect	
  to	
  the	
  VS	
  phase	
  
–  Phase	
  average	
  carried	
  out	
  on	
  the	
  ordered	
  database	
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•  	
  Phase	
  es/ma/on	
  

First	
  strategy	
  (only	
  global	
  mode	
  nec.)	
  
Second	
  strategy	
  (adjoint	
  based)	
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Phase	
  alignment	
  of	
  snapshots	
  
Tipical	
  example	
  (Γ=-­‐2.57)	
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/me	
  

0	
   2	
  π	
   Phase	
  

Phase	
  alignment	
  +	
  phase	
  average	
  (20	
  bins)	
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Phase	
  alignment	
  of	
  snapshots	
  
Tipical	
  example	
  (Γ=-­‐2.57)	
  

90	
  

/me	
  

0	
   2	
  π	
   Phase	
  

Phase	
  alignment	
  +	
  phase	
  average	
  (20	
  bins)	
  
Vo

r/
ci
ty
	
  (c
ol
or
m
ap
)	
  a
nd

	
  s
tr
ea
m
lin
es
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Phase	
  alignment	
  of	
  snapshots	
  
Blowing	
  case	
  (Γ=0)	
  

91	
  

• 	
  Far	
  and	
  close	
  windows:	
  two	
  different	
  
experimental	
  runs	
  

• 	
  Sincroniza/on	
  is	
  automa/c	
  because	
  a	
  
single	
  global	
  mode	
  is	
  used	
  to	
  iden/fy	
  
the	
  phase	
  

Phase	
  averaged	
  vor/city	
  field	
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On-­‐going	
  developments	
  

•  Development	
  passive	
  wake	
  controls	
  using	
  only	
  experimental	
  mean	
  
flow	
  fields	
  	
  and	
  final	
  implementa/on	
  in	
  experiments	
  for	
  a	
  thick	
  
plate	
  (KTH	
  Mechanics)	
  	
  

•  Use	
  of	
  adjoint	
  methods	
  for	
  data	
  reconstruc/on	
  problems	
  in	
  support	
  
to	
  experiments	
  on	
  (KTH	
  Mechanics):	
  

–  Separated	
  wakes	
  
–  Controlled	
  boundary	
  layers	
  

•  Applica/ons	
  to	
  fully	
  3D	
  mixers	
  for	
  microfluidics	
  applica/ons:	
  

–  Flow	
  analysis	
  	
  
–  Control	
  applica/ons	
  oriented	
  to	
  mixing	
  enhancement	
  	
  	
  

•  Inclusion	
  of	
  Reynolds	
  stresses	
  as	
  closure	
  for	
  local	
  stability	
  analysis	
  
of	
  experimental	
  flow	
  fields	
  past	
  wind	
  turbines	
  (EPFL	
  Lausanne)	
  

•  Applica/on	
  to	
  free	
  falling	
  bluff	
  bodies	
  (Univ.	
  Bordeaux)	
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Applica/ons	
  to	
  flow	
  analysis	
  and	
  control	
  

Sensi/vity	
  analysis	
  of	
  the	
  engulfment	
  
instability	
  in	
  a	
  fully	
  3D	
  	
  micro	
  T-­‐Mixer	
  

Sensi/vity	
  analysis	
  and	
  control	
  maps	
  for	
  fully	
  3D	
  configs:	
  
Applica/on	
  to	
  a	
  fully	
  3D	
  T-­‐Mixer	
  

A.	
  Fani,	
  S.	
  Camarri,	
  and	
  M.	
  V.	
  Salve?,	
  accepted,	
  PoF	
  2013	
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T-­‐mixer	
  are	
  very	
  common	
  devices	
  in	
  microfluidics,	
  also	
  used	
  as	
  junc/on	
  
elements	
  in	
  complex	
  micro-­‐systems	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  laminar	
  regime	
  (low	
  Reynolds	
  
numbers)	
  

Micro	
  T-­‐mixer	
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•  Stratified flow 

•  Vortex regime 

•  Engulfment 

Flow regimes as a function of Reynolds number 

Segregated	
  flow	
  in	
  the	
  ou�low	
  pipe	
  

Re	
  

Mo/va/ons	
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•  Stratified flow 

•  Vortex regime 

•  Engulfment 

Flow regimes as a function of Reynolds number 

Secondary flow in the outcoming 
pipe: double pair of counter rotating 
vortices Re	
  

Mo/va/ons	
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•  Stratified flow 

•  Vortex regime 

•  Engulfment 

Flow regimes as a function of Reynolds number 

Sta/onary	
  and	
  organized	
  paYern	
  of	
  
vor/cal	
  structures,	
  which	
  improve	
  
mixing	
  in	
  the	
  ou�low	
  pipe.	
  

Re	
  

Mo/va/ons	
  



June	
  04	
  2013,	
  Poi/ers	
  	
  

•  Stratified flow 

•  Vortex regime 

•  Engulfment 

Flow regimes as a function of Reynolds number 

High	
  sensi/vity	
  of	
  the	
  engulfment	
  to	
  inflow	
  boundary	
  condi/ons	
  	
  
(GalleW	
  et	
  al.(2012)).	
  
If	
  the	
  flow	
  at	
  the	
  confluence	
  is	
  not	
  fully	
  developed	
  engulfment	
  occurs	
  at	
  
larger	
  Reynolds	
  numbers.	
  

Re	
  

Mo/va/ons	
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•  High sensitivity to inflow conditions, as well as to other 
parameters, have been shown in the literature through 
numerical simulations and experiments 

•  No previous stability analysis of this configuration 
•  In general, stability analysis of fully 3D flows are rare  

Objectives 
•  Aim of the present work: to carry out a systematic 

investigation by means of linear instability and sensitivity 
analyses to explain high sensitivity to inflow conditions 

•  Development of tools for 3D configurations 
•  Inves/ga/on	
  of	
  the	
  flow	
  also	
  	
  by	
  DNS	
  

Mo/va/ons	
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Incompressible flow in a three dimensional T-mixer  

Flow	
  configura/on	
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DNS	
  inves/ga/on	
  

Re=140:	
  vortex	
  regime	
  

Two	
  pair	
  of	
  vor/ces	
  observed	
  in	
  
the	
  mixing	
  channel	
  

Two	
  counter-­‐rota/ng	
  vor/ces	
  in	
  the	
  
separated	
  region	
  at	
  the	
  confluence	
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DNS	
  inves/ga/on	
  

Re=140:	
  vortex	
  regime	
  

Normal	
  vor/city	
  component	
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DNS	
  inves/ga/on	
  

Re=140:	
  vortex	
  regime	
  

Arrow:	
  in-­‐plane	
  veloci/es	
  
Countour:	
  normal	
  to	
  plane	
  
velocity	
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DNS	
  inves/ga/on	
  

Re=160:	
  engulfment	
  

Two	
  co-­‐rota/ng	
  vor/ces	
  	
  in	
  
the	
  mixer	
  channel	
  

The	
  	
  two	
  vor/ces	
  at	
  the	
  
confluence	
  are	
  characterized	
  
by	
  a	
  /lt	
  angle	
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DNS	
  inves/ga/on	
  

Re=160:	
  engulfment	
  

Tilt	
  angle	
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DNS	
  inves/ga/on	
  

•  Different	
  intensity	
  and	
  
posi/on	
  of	
  the	
  vor/ces	
  	
  

•  Different	
  	
  interac/on	
  with	
  
the	
  wall	
  vor/city	
  

Black	
  line:	
  vortex	
  countour	
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DNS	
  inves/ga/on	
  

Only	
  two	
  pair	
  of	
  vor/ces	
  
last	
  a]er	
  the	
  first	
  part	
  of	
  
the	
  mixer	
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DNS	
  inves/ga/on	
  

Only	
  two	
  pair	
  of	
  vor/ces	
  
last	
  a]er	
  the	
  first	
  part	
  of	
  
the	
  mixer	
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Sta/onary	
  global	
  mode	
  
localized	
  in	
  the	
  ou�lowing	
  pipe	
  

Re=140:	
  just	
  below	
  the	
  cri/cal	
  Reynolds	
  number	
  
evaluated	
  with	
  DNS	
  

3D	
  stability	
  analysis	
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•  Well	
  defined	
  vor/cal	
  
structures	
  

•  Point	
  symmetry	
  with	
  
respect	
  to	
  the	
  center	
  of	
  
the	
  cross	
  sec/on	
  

Contours:	
  normal	
  to	
  plane	
  velocity	
  
Arrows:	
  in-­‐plane	
  veloci/es	
  

3D	
  stability	
  analysis	
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The	
  global	
  mode	
  is	
  well	
  
correlated	
  with	
  the	
  S-­‐shaped	
  
engulfment	
  paYern	
  

Contours:	
  normal	
  to	
  plane	
  velocity	
  
Arrows:	
  in-­‐plane	
  veloci/es	
  

3D	
  stability	
  analysis	
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  04	
  2013,	
  Poi/ers	
  	
  

The	
  region	
  where	
  global	
  and	
  adjoint	
  fields	
  overlap	
  is	
  the	
  
intersec/on	
  of	
  inlet	
  and	
  ou�lowing	
  pipes.	
  	
  

Instability	
  core	
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n:	
  normal	
  unit	
  vector	
  to	
  the	
  boundary	
  poin/ng	
  outside	
  the	
  flow	
  domain	
  
<*,*>Γi	
  complex	
  scalar	
  product	
  	
  computed	
  on	
  the	
  inlet	
  surface	
  

We	
  observed	
  that	
  the	
  flow	
  is	
  almost	
  recep/ve	
  only	
  to	
  a	
  perturba/on	
  of	
  the	
  
component	
  of	
  velocity	
  normal	
  to	
  the	
  inflow	
  boundary:	
  

Sensi/vity	
  to	
  perturba/on	
  of	
  
the	
  inlet	
  velocity	
  condi/ons	
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S	
  :	
  sensi/vity	
  map	
  of	
  the	
  eigenvalue	
  with	
  respect	
  to	
  a	
  localized	
  modifica/on	
  of	
  the	
  
wall	
  normal	
  component	
  of	
  the	
  inflow	
  velocity,	
  computed	
  on	
  the	
  inlet	
  surface.	
  	
  

Sensi/vity	
  to	
  perturba/on	
  of	
  the	
  
inlet	
  velocity	
  condi/ons	
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Applica/on	
  of	
  the	
  sensi/vity	
  map	
  

Inlet	
  

Uniform	
  profile	
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The	
  global	
  mode	
  is	
  more	
  stable,	
  i.e.	
  
engulfment	
  occurs	
  at	
  a	
  larger	
  
Reynolds	
  number.	
  
The	
  results	
  agrees	
  with	
  the	
  
conclusions	
  drawn	
  in	
  GalleW	
  et	
  al.	
  
(2012)	
  

δσ<0	
  

A	
  stability	
  analysis	
  carried	
  out	
  on	
  the	
  base-­‐flow	
  with	
  the	
  non	
  fully	
  
developed	
  inflow	
  condi/ons	
  has	
  confirmed	
  the	
  results.	
  

Applica/on	
  of	
  the	
  sensi/vity	
  map	
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The	
  same	
  sensi/vity	
  maps,	
  computed	
  on	
  the	
  mixer	
  walls,	
  can	
  be	
  used	
  to	
  
evaluate	
  the	
  effect	
  of	
  micro-­‐jets	
  on	
  the	
  instability.	
  

Sensi/vity	
  maps	
  for	
  micro-­‐jets	
  at	
  the	
  T-­‐mixer	
  walls	
  

Re=140	
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On-­‐going	
  developments	
  

•  Development	
  passive	
  wake	
  controls	
  using	
  only	
  experimental	
  mean	
  
flow	
  fields	
  	
  and	
  final	
  implementa/on	
  in	
  experiments	
  for	
  a	
  thick	
  
plate	
  (KTH	
  Mechanics)	
  	
  

•  Use	
  of	
  adjoint	
  methods	
  for	
  data	
  reconstruc/on	
  problems	
  in	
  support	
  
to	
  experiments	
  on	
  (KTH	
  Mechanics):	
  

–  Separated	
  wakes	
  
–  Controlled	
  boundary	
  layers	
  

•  Applica/ons	
  to	
  fully	
  3D	
  mixers	
  for	
  microfluidics	
  applica/ons:	
  

–  Flow	
  analysis	
  	
  
–  Control	
  applica/ons	
  oriented	
  to	
  mixing	
  enhancement	
  	
  	
  

•  Inclusion	
  of	
  Reynolds	
  stresses	
  as	
  closure	
  for	
  local	
  stability	
  analysis	
  
of	
  experimental	
  flow	
  fields	
  past	
  wind	
  turbines	
  (EPFL	
  Lausanne)	
  

•  Applica/on	
  to	
  free	
  falling	
  bluff	
  bodies	
  (Univ.	
  Bordeaux)	
  


